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Neutrino masses and leptonicCP violation
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Neutrino oscillations as solutions of the solar neutrino problems and the atmospheric neutrino deficits may
restrict neutrino mass squared differences and mixing angles in the three-neutrino mixing scheme. Currently
we have several solutions depending on the interpretation of the solar neutrino problem. Combining the
neutrino oscillation solutions and a mass matrix ansatz, we investigate the neutrino mass bounds and find a
possible leptonicCP-violating rephasing-invariant quantityJCP

l <0.012 for the large mixing angle MSW and
just-so vacuum oscillation solutions, andJCP

l <0.0013 for the small mixing angle MSW solution.

PACS number~s!: 14.60.Pq, 11.30.Er, 12.60.2i
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I. INTRODUCTION

The quark masses and the related flavor mixings are
most intriguing riddles to be understood in the stand
model ~SM!. Within the SM, the quark masses and flav
mixing angles are not predictable. The flavor mixing ang
arise since the quark states for which the weak interactio
diagonal are not mass eigenstates. Moreover, degen
quarks of a given charge render the flavor mixing ang
physically meaningless. Thanks to this fact, we get a h
that the flavor mixing angles can be related to the eleme
of the quark mass matrix. As an attempt to provide a re
tionship between the flavor mixing angles and the eleme
of quark mass matrix, the mass matrix ansatz has been
gested@1,2#. With the help of a mass matrix ansatz, we m
predict some free parameters in the SM.

On the other hand, recent neutrino experimental res
and cosmological observations provide evidence for nonz
neutrino masses and possible lepton flavor mixings. Th
the SM has to be enlarged and we have more free param
to describe all fermion masses and their mixing angles
this case, one may also reduce the number of free param
by using separate lepton mass matrix ansatz. If it is poss
to provide some quark-lepton symmetry in the quark a
lepton mass matrices, one may reduce the number of
parameters much more. In recent work@3#, we showed that
the hierarchical quark mixing pattern as well as bimaxim
lepton mixing pattern can arise from one single particu
mass matrix based on the permutation symmetry with s
able breaking. Remarkably those different mixing patte
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could be generated by using the same texture of the m
matrices for quarks and leptons but with different hier
chies. However, although nonzero neutrino masses and
ings can be interpreted as a solution to the solar@4# and the
atmospheric@5# neutrino anomalies, the present neutrino e
perimental results do not pin down the values of neutr
masses and mixing angles in three-neutrino oscillat
scheme. Moreover, the solution for the solar neutrino defi
may be either small or large mixing with different ma
squared differences depending on whether or not we cons
the matter effect@Mikheyev-Smirnov-Wolfensten~MSW! ef-
fect# @6,7#. Thus, one can at best estimate the hierarchy
neutrino mass patterns and their mixings case by case. In
work, we show in more detail how the lepton flavor mixin
matrix can be obtained from a specific form of lepton ma
matrix by assuming quark-lepton symmetry for the fermi
mass matrix. For complete discussion, we will take into
count both large and small mixing angle solutions for t
solar neutrino deficit combined with the large mixing sol
tion for the Super-Kamiokande atmospheric neutri
anomaly.

In addition, it will be very interesting to study the possib
CP violation in the lepton sector, which arises due to t
nonvanishingCP phase in the flavor mixing matrix@8#. To
do this, we will calculate the invariant leptonicCP violating
quantity JCP

l @9# from the phenomenological lepton flavo
mixing matrix. As will be shown later, the invariant quantit
JCP

l , depends on the neutrino masses as well as theCP
phase. From the estimate of the neutrino mass bounds b
on the neutrino experimental results, we will provide t
possible range ofJCP

l .

II. NEUTRINO MIXING MATRIX WITH A CP
VIOLATING PHASE

Let us begin by assuming that the form of lepton ma
matrix can be derived from the mass matrix ansatz based
©2000 The American Physical Society11-1
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the permutation symmetry with suitable breaking which
used in the quark sector@3#. As shown in Ref.@2#, the mass
matrix has the following form:

MH5S 0 A 0

A D B

0 B C
D . ~1!

The parametersA,B,C andD can be expressed in terms
the fermion mass eigenvalues and one free parametere l . One
can take the mass eigenvalues to be2m1 , m2 , andm3 with
the following three conditions:

Tr~MH!52m11m21m3 ,

Det~MH!52m1m2m3 ,

and

Tr~MH
2 !5m1

21m2
21m3

2 . ~2!

The sign of the fermion mass is irrelevant since it can
changed by a chiral transformation. From those relations,
obtain the following form of fermion mass matrix:

M5S 0 Am1m2m3

m32e l
0

Am1m2m3

m32e l
m22m11e l z~m22m11e l !

0 z~m22m11e l ! m32e l

D ,

~3!

in which the analytic relation between two parameterse l and
z is given @3# by

z25
e l~m32m21m12e l !~m32e l !2e lm1m2

~m32e l !~m22m11e l !2
. ~4!

With the help of the analytic form of the orthogonal matrixU
presented in Ref.@3#, the real symmetric mass matrixM can
be diagonalized. The mass matrices for charged leptons
neutrinos have the same form of the mass matrix~3!. In
particular, notice that the parametere l will be taken to be
identical in both the charged lepton mass matrix and
neutrino mass matrix, and will be determined from the n
trino experimental results. However, the parametersz are
different in the two mass matrices because they depend
their fermion masses. Then, the neutrino mass matrixM n

and charged lepton mass matrixMl can be brought to diag
onal forms by the real unitary matricesUn andUl ,

UnM nUn
†5diag~2m1 ,m2 ,m3!,

UlMlUl
†5diag~2me ,mm ,mt!,
07301
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where m1 ,m2 , and m3 are neutrino masses from now o
The lepton flavor mixing matrixVCKM

l is related toUn and
Ul as follows:

VCKM
l 5PUl P

21Un
T , ~5!

where the phase matrix isP5diag(eid l
,1,1). More generally,

we can also take the phase matrix,P, as diag(eid1,eid2,eid3).
One may eliminate the phased3 by a phase transformation o
fields. Because of the hierarchy of the charged lep
masses, Eq.~5! contains only the combination of phases
the form,d12d2, which will be identified asd l . To see eas-
ily how the lepton mixing pattern is related to the lepto
mass hierarchy, first of all, we present the lepton flavor m
ing matrix in the leading approximation. In the next section,
the exact form derived from Eq.~5! will be used to deter-
mine the magnitudes of the elements of the mixing matri

Since the charged lepton family has pronounced mass
erarchyme!mm!mt , the charged lepton mass matrix ca
be presented in the approximate form as

Ml.S 0 Amemm 0

Amemm mm Ae lmt

0 Ae lmt mt

D . ~6!

From the unitary transformation, we obtain the approxim
form of the matrixUl as follows:

Ul.S 1 2Ame

mm

0

Ame

mm

1 2A e l

mt

0 A e l

mt

1

D , ~7!

where we assumed that the parametere l!mt . On the other
hand, the neutrino mass matrix can be obtained from
mixing pattern among three neutrinos and their mass hie
chy. As shown in Ref.@3#, the large mixing betweennm and
nt , which is a solution for the atmospheric neutrin
anomaly, can be achieved by takinge l.m3/2 and m1 ,m2
!m3 in Eq. ~3!. We also note that the large~small! mixing
betweenne andnm , which is a solution for the solar neutrin
deficit, can be obtained by takingm1.m2(m1!m2). Keep-
ing the next-to-leading order, the neutrino mass matrix,
~3!, becomes
1-2
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M n.S 0 A2m1m2 0

A2m1m2

m3

2 S 112
m22m1

m3
D m3

2 S 12
m22m1

m3
D

0
m3

2 S 12
m22m1

m3
D m3

2

D , ~8!

and the form ofUn is approximately given by

Un.S w2S 11
m1

2m3
D 2

w1

A2
S 11

m1

2m3
D w1

A2
S 12

m2

m3
2

m1

2m3
D

w1S 12
m2

2m3
D w2

A2
S 12

m2

2m3
D 2

w2

A2
S 11

m2

2m3
1

m1

m3
D

Am1m2

m3
2

1

A2
S 11

m22m1

2m3
D 1

A2
S 12

m22m1

2m3
D D , ~9!

where

w1[A m1

m11m2
and w2[A m2

m11m2
with w1

21w2
251.

From Eqs.~5!, ~7!, and~9!, the lepton flavor mixing matrix is expressed in the leading order in terms of the lepton massew1 ,
w2, and theCP phased l :

VCKM
l .S w21w1A me

2mm
eid l

w12w2A me

2mm
eid l

2A me

2mm
eid l

2
w1

A2
1w2Ame

mm
e2 id l w2

A2
1w1Ame

mm
e2 id l 1

A2

w1

A2
2

w2

A2

1

A2

D . ~10!

The CP-violating rephasing-invariant quantity,JCP
l , is presented by

JCP
l [Im@V11

l V12
l* V21

l* V22
l #5w1w2

1

2
A me

2mm
sind l . ~11!

Now let us express the lepton flavor mixing matrix in the standard parametrization@10#. As is well known, in the quark
sector the standard parametrization is given by

VCKM
l 5S c12c13 s12c13 s13e

2 id13

2s12c232c12s23s13e
id13 c12c232s12s23s13e

id13 s23c13

s12s232c12c23s13e
id13 2c12s232s12c23s13e

id13 c23c13

D , ~12!

wheresi j ,ci j stand for sinuij and cosuij , respectively. One can then relate the elements of the mixing matrix in the sta
parametrization to the elements of the flavor mixing matrix~10! by using the fact that the magnitudes of the mixing mat
elements and the Jarlskog rephasing-invariant quantity,JCP

l , are independent of the parametrization. Then, the mixing ang
u i j , can be expressed by

tanu125
uV12

l u

uV11
l u

.Aw1
21w2

2~me/2mm!22w1w2Ame/2mmcosd l

w2
21w1

2~me/2mm!12w1w2Ame/2mmcosd l
, ~13!

sinu135uV13
l u.A me

2mm
, ~14!

tanu235
uV23

l u

uV33
l u

.1. ~15!
073011-3
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The magnitude ofV13
l can be constrained by the CHOO

experimental results@11# and it turns out to be small, i.e
uV13

l u<0.22. Then, the lepton mixing matrix~12! is approxi-
mately written as

VCKM
l .S c12 s12 s13e

2 id13

2s12c23 c12c23 s23

s12s23 2c12s23 c23

D , ~16!

where u12 can be either large or small, depending on t
solar neutrino oscillation solution.

Takingw1.w2.A1/2 ~i.e., m1.m2), one can obtain the
nearly bimaximal mixing, which corresponds to

u12.u23.p/4 ~ i.e., c125s125c235s2351/A2!,

sinu13.Ame/2mm and d13.d l .

Then, the mixing matrix can be written as follows:

VCKM
l .S 1

A2

1

A2

1

A2
Ame

mm
e2 id l

2
1

2

1

2

1

A2

1

2
2

1

2

1

A2

D . ~17!

Note that our mixing matrix contains possibleCP-violating
phase with nonzero but small

uV13
l u~5sinu13!.

1

A2
Ame

mm
.0.05,

which is still consistent with the bound obtained fro
present CHOOZ experiment@11#. However, if it turns out
that the neutrino mixing pattern isexactbimaximal mixing
as suggested in Refs.@12,13#, the elementuV13

l u would be-
come exactly zero and then we could not see anyCP viola-
tion effects in the leptonic sector.

In the limit of small mass ratiom1 /m2, which corre-
sponds to the small mixing angle solution of the solar n
trino oscillation, the lepton mixing matrix~16! becomes

VCKM
l .S c12 s12

1

A2
Ame

mm
e2 id l

2
s12

A2

c12

A2

1

A2

s12

A2
2

c12

A2

1

A2

D , ~18!

where

tanu12.Am1 /m21me/2mm2A~m1me!/~2m2mm!cosd l .
07301
e

-

We note that the mixing angleu12 is correlated with the
phased l in this case.

III. NEUTRINO MASSES AND LEPTONIC CP VIOLATION

In order to determine the magnitudes of the elements
the neutrino mass matrix and the possible range ofCP vio-
lation, we have to obtain numerical values of the neutr
mass eigenvalues. Although we cannot obtain those va
exactly, some possible ranges of the neutrino mass eigen
ues can be estimated from the recent experimental result
making reasonable assumptions.

Most data on neutrino mixings are presented in the tw
neutrino scheme. The results are expressed in (Dm2,sin2 2u)
plot. With a proper approximation we can use the data
solar and atmospheric neutrino oscillations to make analy
for the three-neutrino scheme@14#. First we assume that th
solar neutrino problems are solved by two-neutrino vacu
oscillations ofne↔nm . The survival probability for solar
electron-neutrino in two-neutrino mixing scheme is given

P~ne→ne!512sin2 2usol sin2S Dmsol
2

4

L

ED . ~19!

In the case ofm3
2L/E@1 anduV13

l u!1, the survival probabil-
ity for electron-neutrino in the three-neutrino mixing schem
may be written as

P~ne→ne!.124uV11
l V12

l u2 sin2S Dm21
2

4

L

ED . ~20!

Therefore, the mass squared difference and mixing angle
solar neutrino analysis in the two-neutrino scheme are
lated to the mass squared difference and the standard m
angle,u12, in the three-neutrino scheme:

Dmsol
2 .Dm21

2 , usol.u12. ~21!

If we consider the matter effect in the Sun, the survival pro
ability for electron neutrinos, Eqs.~19! and~20!, is no longer
valid. However, we can still make the connections betwe
two- and three-neutrino oscillation parameters by Eq.~21! in
this situation; the mixing angleu13 is small, i.e.,uV13

l u!1,
and the third neutrino massm3 is so large that just one reso
nance conversion betweenm1 and m2 neutrino mass state
can take place. In this case the three-neutrino mixing sch
may effectively be reduced to the two-neutrino mixin
scheme and Eq.~21! remains valid. If three neutrino masse
are degenerate such that the second resonance conve
could not be negligible, or the mixing elementuV13

l u is large,
then we have to analyze neutrino mixing data within f
three-neutrino scheme.

Likewise, we can consider the atmospheric neutrino ca
The atmospheric neutrino deficit seems to be explained
oscillation betweennm and nt with large mixing. The sur-
vival probability for atmospheric muon-neutrino in the tw
neutrino mixing scheme is given by
1-4
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P~nm→nm!512sin2 2uatm sin2S Dmatm
2

4

L

ED . ~22!

In the case of (m2
22m1

2)L/E!1, we can write the surviva
probability for muon-neutrino in the three-neutrino mixin
scheme as follows:

P~nm→nm!.124uV23
l u2~12uV23

l u2!sin2S Dm31
2

4

L

ED .

~23!

The mass squared difference and mixing angle for atm
spheric neutrino analysis in the two-neutrino scheme are
lated to the mass squared difference and the standard m
angle,u23, in the three-neutrino scheme:

Dmatm
2 .Dm31

2 , uatm.u23. ~24!

Recent Super-Kamiokande experiments@5# show evi-
dence for oscillation of atmospheric neutrinos. The data
hibit a zenith angle dependent deficit of muon neutrin
which is consistent with predictions based on the two-fla
nm↔nt oscillations. At 90% confidence level the ma
squared difference and mixing angle are

531024,Dmatm
2 ,631023 eV2, ~25!

0.82,sin2 2uatm<1. ~26!

The best fit values areDmatm
2 .2.231023 eV2 and

sin2 2uatm51. From the mixing matrix~5! the mixing angle
u23 is expressed in terms of the neutrino masses and
parametere l as

tanu23.A e l

m32e l
. ~27!

We can constrain the ratio,e l /m3, from Eqs.~24! and ~26!

0.28<
e l

m3
<0.5. ~28!

If we take the best fit value for the mass squared differe
and assume the mass hierarchy ofm1 ,m2!m3, we conclude
that

m3.ADmatm
2 .4.731022 eV, ~29!

1.331022<e l<2.431022 eV. ~30!

As is well known, there are three oscillation solutions
the solar neutrino problems in the two-neutrino scheme@4#.

Large mixing angle~LMA ! MSW oscillations:

531026<Dmsol
2 <431025 eV2, ~31!

0.4<sin2 2usol<0.9. ~32!

Vacuum oscillations~VO!:
07301
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5310211<Dmsol
2 <10210 eV2, ~33!

0.67<sin2 2usol<1. ~34!

Small mixing angle~SMA! MSW oscillations:

3.831026<Dmsol
2 <1025 eV2, ~35!

3.531023<sin22usol<1.431022. ~36!

The intervals are 95% confidence level. We will not consid
the MSW solution with low mass atDmsol

2 57.931028 eV2,
sin2 2usol50.96. All the solutions are consistent with the pr
dictions of the standard solar model@4# and with the ob-
served average event rates in the Chlorine~Homestake! ex-
periments@15#, Kamiokande@16#, Super-Kamiokande@17#,
Gallium ~GALLEX @18# and SAGE@19#! experiments. With
these results from the solar neutrino oscillation solutions,
can investigate the bounds on the neutrino masses,m1 ,m2,
and CP violation quantity,JCP

l , based on the mass matri
ansatz~3!. Although it is difficult to severely constrain th
CP-violating phase from the results of solar and atmosphe
experiments, we can get the possible ranges of magnitud
JCP

l for a given nonzeroCP phase. To show this in detai
we will treat three cases of the solar neutrino oscillation
lutions separately.

LMA solution.
Recent experimental results from Super-Kamiokan

seem to provide some encouragement for considering
LMA solution of the MSW effect@20#. The best fit values
are atDmsol

2 .1025eV2 and sin2 2usol.0.6. The lepton flavor
mixing matrix for this solution in the leading approximatio
is given by Eq.~17!. From Eq. ~13!, the neutrino mixing
angle u12 is expressed in terms of the lepton mass
me ,mm ,m1 ,m2, and theCP phased l . Since the LMA solu-
tion is the case ofm1.m2, one may ignore relatively smal
terms which contain the ratiome /mm in Eq. ~13!. Then, we
approximately get

usol.u12.arctanS m1

m2
D , ~37!

which is in turn bounded by Eq.~32!. Using the bounds of
the mass squared difference~31! and mixing angleu12, we
obtain numerically allowed neutrino mass bounds:

3.031024<m1<2.031023 eV, ~38!

2.731023<m2<1.531022 eV. ~39!

With the 90% confidence limit data on neutrino oscillatio
parameters we can estimate the possible ranges of the
nitude of the complex mixing matrix elements from the n
merical analysis based on the exact form of the mixing m
trix:
1-5
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uVLMA u5S 0.82–0.94 0.35–0.55 0.01–0.10

0.25–0.50 0.55–0.77 0.56–0.70

0.14–0.34 0.50–0.65 0.70–0.82
D . ~40!

From these results, we can calculate the quantityJCP
l as a

function of theCP phased l . In Fig. 1~a!, we present our
prediction for the allowed range ofJCP

l as a function ofd l ,
which is consistent with the solar and atmospheric neutr
experimental results.

VO solution.
This solution shows that there are well-separated

mass squared difference scales,Dmatm
2 .2.231023 eV2 and

Dmsol
2 .8310211 eV2. The mixing angleu12 is also deter-

mined by the neutrino massesm1 and m2 as in the case o
LMA solution ~37!. From the constraints Eqs.~33! and~34!,
we get, at best, the lower bounds on neutrino masses as
lows:

m1>0.2431025 eV, m2>0.9331025 eV. ~41!

The limits on magnitudes of the elements of the comp
mixing matrix for this solution are

uVVOu5S 0.70–0.90 0.45–0.71 0.02–0.06

0.35–0.60 0.47–0.75 0.54–0.72

0.20–0.50 0.40–0.65 0.70–0.84
D . ~42!

Since the rephasing-invariantJCP
l given in Eqs.~11! actually

depends on the ratiom1 /m2 and the parametere l , we can
calculate the numerical values ofJCP

l with the help of Eqs.
~28!, ~34!, and ~37!. The results are shown in Fig. 1~b!. As

FIG. 1. The leptonicCP-violating quantity,JCP
l , as a function

of theCP phase,d l . The hatched regions are allowed by 95% C
mass squared difference and mixing angle from the solar and a
spheric neutrino data. We consider the possible solutions for
solar neutrino problem:~A! large mixing angle~LMA ! MSW and
~B! vacuum oscillation~VO!.
07301
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one can see from Fig. 1~b!, the allowed range ofJCP
l for the

VO solution is almost the same as that for the LMA solutio
The reason is that both solutions have almost the same
trino mixing angleu12 and our ansatz leads to those solutio
when we take the mass hierarchym1.m2. Therefore the
mixing matrix may also be accommodated by Eq.~17! in the
leading approximation as in the case of LMA solution.

SMA solution.
The small mixing angleu12 implies small mass ratio

m1 /m2, in Eq. ~5!. Different from the above two cases, th
lepton mixing matrix for the SMA solution in the leadin
approximation is given by Eq.~18!. In this case the angle
depends sensitively on the phased l as well as on the ratio
m1 /m2. Note that the expression~37! does not hold in the
extreme mass hierarchical case ofm2@m1, because we can
not neglect theme /mm terms in Eq.~13!. Also, the depen-
dence ofCP phase should be taken into account when
calculate the mixing angleu12.usol . From the numerical
analysis based on the exact form of the mixing matrix, it h
been shown that the massm1 may have small value withou
a lower bound in the allowed parameter space given by E
~35! and ~36!. The upper bound of massm1 depends on the
value ofCP-violating phased l . Whend l is in the range of
0,d l,p/2, the upper bound ofm1 may be up to 4.2
31025 eV. As d l approachesp, the upper bound ofm1
becomes smaller, around 3.031027 eV. From Eq.~35!, the
lower mass bound ofm2 is to be around 1.931023 eV. The
limits on magnitudes of the elements of the complex mixi
matrix for this solution are

uVSMAu5S 0.98–0.99 0.03–0.06 0.03–0.05

0.03–0.08 0.70–0.84 0.54–0.71

0.01–0.05 0.54–0.71 0.70–0.83
D . ~43!

Figure 2 shows the rephasing-invariant quantityJCP
l for the

SMA solution as function of theCP phased l . The allowed
range ofJCP

l is presented by the hatched region which com

o-
e

FIG. 2. The leptonicCP-violating quantity,JCP
l , as a function

of the CP phase,d l . The hatched region is allowed by 95% C.L
mass squared difference and mixing angle from the solar and a
spheric neutrino data. We consider one of the possible solutions
the solar neutrino problem: small mixing angle~SMA! MSW.
1-6
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from the constraints Eqs.~35! and ~36!. The shape of al-
lowed region is different from that of large mixing of sola
neutrinos. The maximum value ofJCP

l for the SMA solution
is 1.331023, while that for LMA and VO is of order;0.01.
In particular, as can be seen from Fig. 2, the magnitude
JCP

l is suppressed and severely constrained for the rang
p/2,d l,p. Also, somewhat broad range ofJCP

l for d l;1
is obtained.

To summarize, we analyzed neutrino masses and mix
as the solutions of the solar neutrino problems and at
spheric neutrino deficits based on a mass matrix ansatz.
cent Super-Kamiokande results for atmospheric neut
showed that the muon neutrino deficits may be explained
large mixing betweennm↔nt . The solar neutrino problem
have three possible solutions: small mixing MSW, large m
ing MSW, and just-so vacuum oscillation solutions. Depe
ing on the solutions to the solar neutrino problems, we h
three possible mixing matrices in the three-neutrino sche
For each case we investigated the neutrino mass bounds
magnitudes of mixing matrix elements, and possible non
nishing CP-violating rephasing-invariant quantityJCP

l . We
conclude that LMA-MSW and VO solutions may come fro
.

t.
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07301
of
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o-
e-
o
y

-
-
e
e.
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-

the mass matrix ansatz with similar mass hierarchy:m1

.m2!m3. And JCP
l also has almost the same magnitude

the two cases, and may reach values up to 0.012. The o
of the SMA-MSW solution may be attributed to the ma
hierarchy:m1!m2!m3 with our mass matrix ansatz. Th
magnitude ofJCP

l depends on theCP phased l . In the range
of 0<d l<p/2, the value ofJCP

l may be up to 1.331023,
which is small compared to the LMA-MSW or VO solution
In p/2,d l,p, JCP

l is even more suppressed.
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